How to compute a
derivative



Computing derivatives of
complicated functions

 How do you compute the derivatives in an LSTM or GRU cell?

* How do you compute derivatives of complicated functions in general

* In these slides we will give you some hints

* In the slides we will assume vector functions and vector activations

* But we will also give you scalar versions of the equations to provide
intuition

* The two sets will be almost identical, except that when we deal with
vector functions

* The notation becomes uglier and less intuitive

* We must ensure that the dimensions come out right

* Please compare vector versions of equations to their scalar counterparts
for better intuition, if needed



First: Some notation and conventions

* We will refer to the derivative of scalar L with respect to x as
V. L

» Regardless of whether the derivative is a scalar, vector, matrix or tensor

 The derivative of a scalar L w.r.t an N X 1 column vector x is a
1 X N row vector V. L

e The derivative of ascalar Lw.rtan N X M matrix Xisan M X N
matrix Vy L

e Remember our gradient update rule : W = W — nV,, LT

* The derivative ofan N X 1 vectorY w.rtan M X 1 vector X is
an N X M matrix [x(Y)

* The Jacobian



Rules: 1 (scalar)

z = Wx

* All terms are scalars

oL .

e — js known
0z

aL_aLW

Ox 0z

oL oL
= X —

ow 0z



Rules: 1 (vector)
z =Wx

e zisan N X 1 vector

e xisan M X 1 vector

e Wisan N X M matrix

L is a function of z

* VL is known (andisa 1 X N vector)

v.L = (V,L)W

Please verify that the
dimensions match!



Rules: 2 (vector, schur multiply)

Z=XxX0Y

* x,yand z are all N X 1 vectors
e “o” represents component-wise multiplication
* VL is known (andisa 1 X N vector)

Vel = (VL) o y"
VyL = (V,L) ox"

Please verify that the
dimensions match!



Rules: 3 (scalar)

Z=XTYy

* All terms are scalars

oL .

e — s known
0z

0L 0L
Ox 0z
oL 0L

dy 0z



Rules: 3 (vector)

Z=XxX+1TYy

*x,yand z areall N X 1 vectors
* VL is known (andisa 1 X N vector)

V.L="V,L
V,L = V,L

Please verify that the
dimensions match!



Rules: 4 (scalar)

z = g(x)
e x and z are scalars

oL .

e —ijs known
0z

oL Il
o 279 @



Rules: 4 (vector)

z=g(x)
e x and z are N X 1 vectors

* VL is known (andisa 1 X N vector)

* |.g is the Jacobian of g(x) with respect to x
* May be a diagonal matrix

Vel = V,L ]\ g

Please verify that the
dimensions match!



Rules: 4b (vector)
component-wise multiply notation

z=g(x)
e xand z are N X 1 vectors
* I,L is known (andisa 1 X N vector)
* g(x) is actually a vector of component-wise functions
*ie.z; = g(x;)
* g'(x) is a column vector consisting of the derivatives of the

individual components of g(x) w.r.t individual components
of x

_ / T Please verify that the
VxL — VZL °g (X) dimensions match!



Rule 5: Addition of derivatives

* Given two variables

z = g(x)
y = h(x)
: oL oL
* And given P and P
* we get
dL B oL | N oL "

* The rule also extends to vector derivatives



Computing derivatives of
complex functions

* We now are prepared to compute very complex
derivatives

* Procedure:

* Express the computation as a series of computations of
intermediate values
* Each computation must comprise either a unary or binary
relation
* Unary relation: RHS has one argument, e.g. y = g(x)
* Binary relation: RHS has two arguments
eg.z=x+yorz=xy
* Work your way backward through the derivatives of the
simple relations



Example: LSTM

* Full set of LSTM equations (in the order in which

they must be computed) ®
A

1 fo =0 W;-[Cs_z,hi—1,2¢] + by) s N
2 iy =0 (Wi-[Ceor,he—1, 2] + b;) T ¥ 5
3 C, = tanh(We-|hi—1,2¢] + bo) %rgﬁm
4 Cp= i xCi_1 +1ip % Cy 1L _J >
5 or =0 (Wy-[Cy,hi—1,x¢] + by)
6 hy = o x tanh (Cy) @

* Its actually much cleaner to separate the individual
components, so lets do that first



LSTM

fe = o(WscCiq + Wrphieq + WeyeXe + by)
ir = o(WicCeq + Winhe—q + Wigxe + b;)
Ce = o(Wephe—q + WexXe + be)
Ct:ftOCt—1+it°C~t

0 = 0(WocCe1 + Wophi_q + Woxxe + by)
hy = o o tanh(Cy)

S S B N

* This is the full set of equations in the order in which they must be
computed

* Lets rewrite these in terms of unary and binary operations



LSTM

1. ‘ft = 0(WpcCe1 + Wrphe—q + Weexe + by) jli%fcff_l
2. iy = o(WicCeoq + Wiphey + Wixxe + by) ZZ3=Z];h+;21
3. C,=o(Wephe_q + Weyxe + be) 24 =Wpxx,
4. Co=froCeq+izoCy Z5= 0T
Z¢=Z5+Dby
5 0¢ = o(WocCroq + Wopheq + Woxe + by) fi=0(z¢)

6. h't = 0t © tanh(Ct)

* Lets rewrite these in terms of unary and binary
operations



LSTM

N S R W N R

Z1=WfCCt—1
ZZZthht—l
Z3 —=Z1 +Zz
Za=Wpyxy
Zes=Z31tZ4
Z6=Z5 +bf
ft=0(26)



LSTM

1 fi=0WeeCrg + Wephy g + We X + be) 27=WicCe—y

: zg=Winhe_1
2. E— — O-(Wicct_l + Wihht—l + Wixxt + bl) Z9=Z7+Z8
3. Co = oWephe—q + Wexxe + be) Z10=WixXy

_ — Z11=Z9FZ10
4 Co=froCqa+izoly Z12=211+Db;

5. O = O'(Wocct_l + Wohht—l + Vl/oxxt + bO) (1=0(212)
6. h't = 0t © tanh(Ct)

* Lets rewrite these in terms of unary and binary
operations



LSTM

N o U s Wi e

Z1=WfCCt—1
ZZZthht—l
Z3 —Z1 +ZZ
Z4=foxt
Zg=Z31tZy
YASIVAS +bf
ft=0(26)

10.
11.
12.
13.
14.

Z7=WicCt_1
zg=Winht_4
Z9g=Z7+Zg
Z10=WixX¢
Z11=Z9tZ19
Z12=2111D;

1t=0(212)



S RN W N~

LSTM

fo = o(WpcCeq + Wrphe—q + Weyexe + by) 2123=1/va/hh;_1
14=Wex Xt

iy = o(WicCrq + Wiphe 1 + Wiyx: + b;) Zl5=213-|)—6214

Co = 0(Wephe—y + Weexy + be) Z16=%15+bc
Ct=0(216)

Ce = froCroq +ipoCy
0r = 0(WycCoq + Wopheq + Woexe + b,)
h; = o; o tanh(Cy)

* Lets rewrite these in terms of unary and binary
operations



LSTM

15.
16.
17.
18.

19

Z13=Wenhi—1
Z14=Wex Xt
Z15=Z131Z14
Z16=Z15 D¢

: ét=G(Zl6)



LSTM

1. fr = o(WpcCeoq + Wrpheq + Weyexe + by)

2. iy = o(WicCoq + Wipheq + Wix, + b;)

3. Cp=a(Wephi_y + WX + be) Z”:ft.o Cgl
4 |Ct = froCiq + it o C~t C?tli;l;jzltS
5. 0 = oWocCoq + Wopheq + Woxxe + b,)

6. h; = o o tanh(Cy)

* Lets rewrite these in terms of unary and binary
operations



LSTM

15.
16.
17.
18.
19.
20.
21.
22.

Z13=Wenhi—1
Z14=Wex Xt
Z15=Z131Z14
Z16=Z15 D¢
ét=G(Zl6)
Z17=ft © Ct—q
Z1g=l¢ © Ct

Ci=z17+21g



LSTM

1. ft = O'(M/jfcct_l ~+ thh't—l + foxt + bf) Zl9=WoCCt—1
Z. it = O-(WiCCt—l + Wihht—l + Wixxt + bl) Z20=Wonhi—s

- Z31=Z19+Z9
3. Ct = O'(WChht—l + WCxxt + bC) Zo=WoxXt
4 — f o o Zp3=Zp11FZ3
Zy4=Z23+D,

5. 10t = oWy Ceq + Wopheq + Woyexy + boj 0:=0(224)
6. h't = 0t © tanh(Ct)

* Lets rewrite these in terms of unary and binary
operations



LSTM

15.
16.
17.
18.
19.
20.
21.
22.

Z13=Wenhi—1
Z14=Wex Xt
Z15=Z131Z14
Z16=Z15 D¢
C~t=G(Zl6)
Z17=ft © Ct—q
Z18=lt°Ct

Ci=z17+21g

23.
24.
25.
26.
27.
28.
29.

Z19=WycCi—1
Zy0=Wonhi—1
Z21=Z19FZ3
Zop=WoxXt
Z33=Z31%Z;
Zp4=Z33+Db,

0¢=0(Z34)



LSTM

1 fo=0(WeCoog + Wrnhe_y + Wiex, + by)
2. iy = o(WicCpq + Wipheq + Wix, + b;)
3. Cp = o(Wenph—q + Weyex, + be)

4. Co=froCeq+izoCy

5 00 = 0(WycCpoqg + Wopheoq + Wopxy + by)
6. |hy = o4 o tanh(Cy)

Z25=tanh(ct)
he = 04 © 235

* Lets rewrite these in terms of unary and binary
operations



LSTM

15.
16.
17.
18.
19.
20.
21.
22.

Z13=Wenhi—1
Z14=Wex Xt
Z15=Z131Z14
Z16=Z15 D¢
C~t=G(Zl6)
Z17=ft © Ct—q
Z1g=l¢ © ét

Ci=z17+21g

23.
24.
25.
26.
27.
28.
29.
30.
31.

Z19=WycCr_q
Zo0=Wonhi—1
Z21=Z19FZy
Zp =Wy Xt
Zp3=Z31%Z;
Zy4=Z23+b,
0:=0(Z34)
z,==tanh(C;)
hi = 0t © Z5



LSTM forward
®

A

Ve
0 @
Ganhd
Lol o
’_cgbtanhc
L1 _J

©

* The full forward computation of the LSTM can be
performed by computing Equations 1-31 in sequence

* Every one of these equations is unary or binary



LSTM

N o U s Wi e

Z1=WfCCt—1
ZZZthht—l
Z3 —Z1 +ZZ
Z4=foxt
Zg=Z31tZy
YASIVAS +bf
ft=0(26)

10.
11.
12.
13.
14.

Z7=WicCt_1
zg=Winht_4
Z9g=Z7+Zg
Z10=WixX¢
Z11=Z9tZ19
Z12=2111D;

1t=0(212)



LSTM

15.
16.
17.
18.
19.
20.
21.
22.

Z13=Wenhi—1
Z14=Wex Xt
Z15=Z131Z14
Z16=Z15 D¢
C~t=G(Zl6)
Z17=ft © Ct—q
Z1g=l¢ © ét

Ci=z17+21g

23.
24.
25.
26.
27.
28.
29.
30.
31.

Z19=WycCr_q
Zo0=Wonhi—1
Z21=Z19FZy
Zp =Wy Xt
Zp3=Z31%Z;
Zy4=Z23+b,
0:=0(Z34)
z,==tanh(C;)
hi = 0t © Z5



Computing derivatives

@ Derivative shapes:
C, w
4 A = dL/dW

T dL/dCt

&
(0 (X I |
c

We will now work our way backward

- dL dL _
We assume derivatives T and c of the loss w.r.t h; and C; are given
t t

dL dL
, and —
dCi—1" dhi—q dx;

* And also derivatives w.r.t the parameters within the cell

We must compute

Recall: the shape of the derivative for any variable will be transposed with respect to that variable



LSTM

1. Vo, L =VyLo Zas 23. Z19=WocCe—q
2. VZZSL — Vhtl‘ (o) OZ-' 24 ZZO:WOhh’t—l

25. Z,1=Z19tZ5
26. Zpp=Wpxx¢
27. Zy3=2Z51+Z5o
28. Zy4=Z»3+Db,
29. 0;,=0(254)

0. z,c=tanh(C;)

(ht = 0t ° 235 >




1.
2.
3.

LSTM

V, L = Vp,L oz

VL =VpLoofl

Z25
VCtL — VZZSL o
(1 — tanh?(C,))!

23.
24.
25.
26.
27.
28.
29.

Z19=WycCi—1
Zo0=Wonhi—1
Z21=Z19FZy
Zpp=Wox Xt
Zp3=Z31%Z;
Zp4=Z33+Db,

Ot:G(Z7éL

@zftanh(é‘t))

31.

hy = 04 © Zy5



LSTM

Vo, L = Vp Lo Zas 23. Z19=WocCe—q

szsL — Vhtl’ © OE 24 ZZOZWOhht_l

VC L _ VZ L o 25 2212219+Zzo
t 25 2 T 26. 222: xt
(1 — tanh?(C,)) ox

27. Zoa=Z>1+2Z
v, L ="V, Loc(z4)7 o 23721 T2

(1 —o(zu))' %24:223"'190
. 0;=0(224) >
30. z,c=tanh(C;)
31 h’t — Ot o Z25




LSTM

Vo, L = Vp Lo Zas 23. Z19=WocCe—q

VZZSL — Vhtl’ © Oz 24 ZZOZWOhht_l

V L _ V L o 25. 221=Zlg+220
Ct 25 2 T 26. Z22:W xxt
(1 — tanh?(C,))

223—221"‘222
Vspuk = Vo L o 0(234)" o

29. Ot—G(ZzzL)

V, L=V, L
Z53 Z24 30. zyz=tanh((;)
VboL — VZZ4L 31. ht — Ot °© Z35

\ Equations highlighted in yellow show
derivatives w.r.t. parameters




0~

LSTM

SUNS

N
=

N
N

c~ T~

SN

N
w

N
w

~ bt~

23. 219=WycC—1

24. Zpo=Wophi—1

25. Z,1=Z19tZ5

26. Z,-=W.,.x;
d;zm +2z35 D
28. Zy4=Z»3+Db,

29. 0;,=0(254)

30. z,c=tanh((C;)
31 h’t —_ Ot o 225




LSTM

V,,,L =V, L 23. 219=WycC—1
V,, L=V, L 24. Zpo=Wophi—1

— 25. Z,1=Z19tZ5
| EWOZZ; VXtZZVZ;L (ZZZ:VVoxxt >
Xt Z2277 70X 27. Zy3=Z51FZ97
28. Zy4=Z»3+Db,
29. 0;,=0(254)
30. z,c=tanh((C;)
31. hy = 04 © Z»s




10.
11.
12.

LSTM

Ve, L =V, . L
Ve, L =V, L
Vi, L = %V, L
VoL = Vs LW
Va,o L = Vg, L
Ve o L =V, L




LSTM

10.
11.
12.
13.
14.

Ve, L =V, . L
Ve, L =V, L
Vi, L = %V, L
VoL = Vs LW
Va,o L = Vg, L
Ve o L =V, L

VWOhL —_ ht_1\7 L

Z20

Vht—lL — V

Z20

LW,n

23. Z qQ— 4@61—

G 2o Wonhy s

25.
26.
27.
28.
29.
30.
31.

Z21=Z19FZy
Z22=WoxXt
Zp3=Z31%Z;
Zp4=Z33+Db,
0:=0(Z34)
z,==tanh(C;)
hy = 0t © zy5



LSTM

10.
11.
12.
13.
14.
15.
16.

Ve, L =V, L
Vo, L =V, L
Vi, L = %V, L
Vi, L =V, LWpy
Vo, L =V, L
Voo L =V, L

VWOhL — ht_1|7 L

Z20

Vht—lL — VZZOLWOh
VWOCL — Ct—].VZlgL
VCt—lL — VzlgLWOC

(219:W0C Ct—1>

24.
25.
26.
27.
28.
29.
30.
31.

Z20=Wonhe—1
Z21=Z19FZy
Z22=WoxXt
Zp3=Z31%Z;
Zp4=Z33+Db,
0:=0(Z34)
z,==tanh(C;)
hy = 0t © zy5



LSTM

15.
16.
17.
18.
19.
20.
21.

Z13=Wenhi—1
Z14=Wex Xt
Z15=Z131Z14
Z16=Z15 1 D¢
ét:G(Zl6)
Z17=ft ° Ct—1

Z1g=l; © Ct

. Ct:Z17 +Z18>

7. 0, L=
8. 7, L=

ve,L
Ve, L



LSTM

15.
16.
17.
18.
19.
20.

Z13=Wenhi—1
Z14=Wex Xt
Z15=Z131Z14
Z16=Z15 1 D¢
ét:G(Zl6)

Z17=fr° Cryq

. Z18=1t © Ct>

22.

Ci=z17+21g

10.

VL = Ve, L
VL ="Vc,L

Vi,L ="V, LoC{
Ve L =V, Loif



LSTM

15. zy3=Wenhy_q 7. Wyl =Ve L

16. Z]A-:WCth 8. Vzl7L — VCtL

17. 215:Z13+Zl4- 9. VitL — V218L © éz

18. Z~16=Z15+bC 10. VétL — VZl8L ° ilT

19. C,=0(z

:=0(Z36) 11. Ve, L+=7V, Lo f]
Q0. 217=fr ° Cey > 12. VL =V, LoCf
. - - Vil — Vze, t—1
21. Z18:lt o Ct
22. Ct:Z17+218

Second time we're computing a derivative
for C;_, so we increment the derivative ("+=")



LSTM

15. z13=Wephy—1
16. z14a=We, Xt

17. Zig=2Z13+Z14
18. Z14=2z15+Db

@- Cr=0(216) >

20. z17=fr © Cr—4
21. z1g=i; o C;

22. C;=2z17+24g

10.
11.
12.
13.

VZlSL —_ VCtL
VZ17L — VCtL

Vi,L ="V, LoCf
Ve L =V, Loif

VCt 1L += VZ17L oftT
Vel =V, LoC{_,
\7216L — Vc © 0(216)T °

(1- 0(216))T



LSTM

15.
16.
17.

Z13=Wephe—q
Z14=Wey Xyt

Z15=Z131Z14

. Z16—Z%Z15 +bD

19.
20.
21.
22.

Cr=0(216)
Z17=fr o Cr_yq
Z18:lt°Ct

Ci=z17+21g

14. VbCL —_ VZ16L

15. V,, L="0, L

Z15




LSTM

15.
16.

Z13=Wephe—q

Z14=Wey Xyt

. Z15=213 +Z]D

18.
19.
20.
21.
22.

Z16=Z15 D¢
Ct=0(216)
Z17=ft ° Ct—1
Z18:lt°Ct

Ci=z17+21g

14 VbCL —_ VZ16L
15. 7, L=V, L
16 VbCL — V216L
17. V, L=V, L




LSTM

15.

Z13= =Wenhe—1

: Zl4_WCxxt>

17.
18.
19.
20.
21.
22.

Z15=Z131Z14
Z16=Z15 1 D¢
Ct=0(Z16)
Z17=ft ° Ct—1
Z18:lt°Ct

Ct=2z17+2Z1g

14. VbC —_ VZl6L

15. 7, L="0, L

16. VbCL — VZl6L
17.V, L=, L

18 VWC.’)C — xtVZ14L
19. VL +=V,, LW,

Note the "+="



LSTM

@- ZlBZWChhtD

16. 214:WCxxt

17. Z1c=2Z13+Z14
18. z1,=215+b,
19. C,=0(z4¢)
20. z17=fr © Cr—4
21. z1g=i; o C;
22. C;=2z17+24g

14. VbC —_ VZl6L

15. 7, L="0, L

16. VbCL — VZl6L

17.V, L=, L

18 VWCJCL — xtVZ14L

19. VL +=V,, LW,
20. V. L = he_1V, L
21. UV, L+=1, LW,

Note the "+="



Continuing the computation

* Continue the backward progression until the
derivatives from forward Equation 1 have been
computed

At this point all derivatives will be computed.



Overall procedure

* Express the overall computation as a sequence of unary
or binary operations

e Can be automated

 Computes derivatives incrementally, going backward
over the sequence of equations!

* Since each atomic computation is simple and belongs
to one of a small set of possibilities, the conversion to
derivatives is trivial once the computation is serialized
as above



May be easier to think of it in
terms of a “derivative” routine

* Define a routine that returns derivatives for unary and binary operations

* SCALAR version (all variables are scalars)
function deriv(dz, x, y, operator)
case operator:

‘none’ : return dx
‘¥ ¢ return y*dz, dz*x
‘+7 ¢ return dz, dz

\ 4

- : return dz, -dz
# Single argument operations
‘tanh’ : return dz(l-tanh?(x))

‘sigmoid’ : return dz sigmoid(x) (l-sigmoid(x))



Derlvatlve routine, vector version

Note distinction between component-wise and matrix multiplies
* Observe also that matrix and vector dimensions are correctly handled (locally)

Il n

. is component-wise multiply

o (k7

is matrix multiply

function deriv(dz, x, y, operator)

case operator:
‘none’ : return dx
# component-wise “schur” multiply
‘of i return dzoyT, dzox"

# Matrix multiply. X must be a matrix

‘x/ 1 return y*dz, dz*x
‘+/ . return dz, dz
‘- : return dz, -dz

# The following will expect a single argument

‘tanh’ : return dzo (1-tanh?(x))T

‘sigmoid’ : return dzosigmoid(x)To(l-sigmoid(x))T

# The jacobian is the full derivative matrix of the sigmoid

‘softmax’ : return dz*Jacobian (sigmoid, x)



ll (]

When to use vs “+=4

* In the forward computation a variable may be used multiple times to
compute other intermediate variables

* During backward computations, the first time the derivative is
computed for the variable, the we will use “=“

* In subsequent computations we use “+=

* It may be difficult to keep track of when we first compute the derivative
for a variable

“_u

e When to use vs when to use “+=“

* Cheap trick:
* Initialize all derivatives to O during computation
* Always use “+=“

* You will get the correct answer (why?)



(dC,_,,dx,,dh, ;,d[W,b]] = LSTM derivative (dC, dh,)

initialize d(variable)=0 (all wvariables)
# Derivative of eq. 31 h; = 00 Zys
[do., dz,.] += deriv(dh,,0.,Z,5,'°")

# Derivative of eq. 30 z,s=tanh(C;)
[dC.] += deriv(dz,,,C,,’ tanh’)

# Derivative of eq. 29 0;=0(2y,)
[dz,.] += deriv(do.,z,;,’ sigmoid’)

# Derivative of eq. 28 ZzZy,=2z,3+b,
[dz,,, db ] += deriv(dz,,,z,;,b,,'+")
# Derivative of eq. 27 zy3=7,1+27»,
[dz,,, dz,,] += deriv(dz,;,z,;,Z,,, ' +’)
# Derivative of eqg. 26 Zy,=W,,x;

[dW dx,] += deriv(dz,,, W_, x.,’'*’)
# Derivative of eq. 25 zy1=Z19+Zy
[dz,,, dz,,] += deriv(dz,;,Z,9,Z,5,  +’)

ox/ ox/

# Derivative of eqg. 24 zyo=W,nhi_q
[dW_,, dh, ;] += deriv(dz,,, W, h.,;,'*")
# Derivative of eq. 23 z19=W,:Ci_1
[dW ., dC. ;] += deriv(dz,,,W_.,C.;,'*")

23.
24.
25.
26.
27.
28.
29.
30.

31

Z19=WocCeq
Zyo=Wonhe—1
Z31=2Z19+2Z3g
Z22=WoxXt
Z33=Z31tZy;
Zy4=2Z33tDb,
0:=0(224)
z,s=tanh(C;)
. ht = 0¢ 0 255



. continued from previous slide

# Derivative of eqg. 22 (Ci=zi7+2Zg

[dz,,, dz,;;] += deriv(dC.,z.,5,2Z.5, +")

# Derivative of eq. 21 zig=i;o C,

[di,, dtildeC,] += deriv(dz,g,i,, dtildeC,,’o’)
# Derivative of eq. 20 zy7=f;°Ci_4

i 15. zy3=Wephe—4
[df,, dAC._;] += deriv(dz,,,£.,C.;,'°") 16

~ - Z14=Wex Xy
# Derivative of eqg. 19 (C;=0(z4) 17. zys=213+714
[dz,,] += deriv(dtildeC,,’sigmoid’) 18. 216=215+bc

19 C~t=0(216)
_ C 20. z17=f¢ © Ct—4
[dz,5, db.] += deriv(dz;q,2z;5,b.,"+") 21. z1g=i; o C,

# Derivative of eqg. 17 Zzi5=2z13+Zq4 22. Cp=z17+219
[dz,;, dz,,] += deriv(dz,;,z;5,2.4,'+’)

# Derivative of eqg. 18 zi=2z15+Db¢

# Derivative of eq. 16 zyu=Wg ,x;
[dW.,, dx.] += deriv(dz,,, W,  x., ' *")

# Derivative of eq. 15 z3=Wcphe_4
[dW.,, dh,. ;] += deriv(dz,;, W, h.,,"*")



. continued from previous slide

# Derivative of eq. 14 i;=0(z13)
[dz,,] += deriv(di,,’sigmoid’)

# Derivative of eq. 13 z1,=2z1;+bf
[dz,,, db;] += deriv(dz,,,z,;, b;,'+")

# Derivative of eq. 12 z11=Z9+Zqg 8. 2=WyCy_,
[ng / leO] += deriv (dzll / 29 7 zlo V4 4 + 4 ) 9. ZBZWihht—l
# Derivative of eq. 11 z;og=Wjpx; 10. Zg=27+2g
: 11. z0=W,
[dW.,., dx.] += deriv(dz,,, W, ,x., ' +') Z10=Wix e

12 le=Zg+Zlo
13. le=le+bi
[dz,, dzg;] += deriv(dz,,z,,zg, +’) 14. i,=0(z;3)

# Derivative of eqg. 10 zg=z,+2zg

# Derivative of eq. 9 zg=W;h;_4
[dW.,, dh. ;] += deriv(dzy,W;, h.,,"*’)
# Derivative of eq. 8 z;=W;-Ci_4
[dW,.., dC, ,] += deriv(dz,,W..,C, ., ' *")

1



. continued from previous slide
# Derivative of eq. 7 f;=0(z4)
[dz,] += deriv(df,,’ sigmoid’)
# Derivative of eq. 6 zg=zs+bf
[dz., db,] += deriv(dz,,z;, bs,'+')

# Derivative of eq. 5 zz=z3+2z, i ?;E//fcitq
[dz;, dz,] += deriv(dz.,z;,z,, ' +') - 227V fhTtt-1
# Derivative of eq. 4 z,=Wpx; z 23:2/11/+22
[dW., , dx.] += deriv(dz, W, , x.,’*') - Za=Wex Xy
# Derivative of eq. 3 z3=z;+7, 5. Z5=Z3+Zz,
[dz,, dz,] += deriv(dz,;,z,,z,,’'+’) 673 Ze=2Z5tby

# Derivative of eq. 2 z;=Wrphi4 - Je=0(26)
[dW,, dh. ;] += deriv(dz,,W,  h.;,"*’)

# Derivative of eq. 1 z;=WgcCi 4

[dW.., dC, ;] += deriv(dz,,W.,C._{,'*")

return dC._,, dh,,, dx., d[W,6Db]



Caveats

The deriv() routine given is missing several operators
* Operations involving constants (z =2y, z = 1-y, z = 3+y)
e Division and inversion (e.g z=x/y, z=1/y,z=A")

* You may have to extend it to deal with these, or rewrite your equations to eliminate such
operations if possible

* In practice many of the operations will be grouped together for computational
efficiency

* And to take advantage of parallel processing capabilities

* But the basic principle applies to any computation that can be expressed as a
serial operation of unary and binary relations

* If you can do it on a computer, you can express it as a serial operation

* In fact the preceding logic is exactly what we use to compute derivatives in
backprop

* We saw this explicitly in the vector version of BP for MLPs.



